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带子图及其部分对偶若干性质的刻画
摘 要
带子图可被看作是一个具有图结构的有边界的曲面,是胞腔嵌入图的一种
表示形式. 部分对偶推广了数学基本概念—-胞腔嵌入图的几何对偶,它通过纽
结的 Jones多项式与图的 Tutte型多项式之间建立关系,将纽结理论中各种版本
的 Thistlethwaite定理统一起来. 部分对偶不但是几何对偶的深远扩展,而且在
图论,拓扑学和物理学中有重要的应用.
本文刻画带子图及其部分对偶的欧拉和偶面图等若干性质. 全文共分五
章：
第一章首先概述本学位论文所研究问题的相关背景、国内外研究现状以及
预备知识,然后简单介绍本文的主要结果、主要研究方案及结构安排.
第二章首先给出带子图严格的定义和例子, 并且说明带子图与胞腔嵌入
图的等价性以及相互转换; 其次说明在描述几何对偶 (胞腔嵌入图的 Euler-
Poincare对偶)等方面上带子图比胞腔嵌入图优越性的同时给出带子图的公共
线段、顶点线段和边线段等本文常用的新概念;再次简约说明胞腔嵌入图部分
对偶的重要性;然后给出带子图的箭头标记和带子图部分对偶严格的定义以及
带子图部分对偶的基本性质并且利用例子展示带子图中具体求部分对偶的方
法.
众所周知,一个平图是欧拉图当且仅当它的几何对偶是二部图是图论中的
一个经典结论. 2013年 Huggett和Moffatt两人把这经典结论推广到平图的部分
对偶,利用中间图的全十字定向刻画了平图的全部二部图部分对偶,并且指出了
刻画平图的全部欧拉图部分对偶是一个公开问题.第三章首先介绍中间图的半
十字定向以及确定中间图的半十字定向数目上下确界,然后利用中间图的半十
字定向刻画平图的全部欧拉图部分对偶,即解决了 Huggett和Moffatt提出的公
开问题.
第四章我们将更深入的研究这方面的问题,把这个图论经典结论完整的推
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广到胞腔嵌入图和嵌入图以及胞腔嵌入图的部分对偶,并且提供两种方法刻画
胞腔嵌入图的所有欧拉图部分对偶和偶面图 (所有面的度都为偶数的胞腔嵌入
图,包含胞腔嵌入二部图)的部分对偶.
Robertson-Seymour定理 (图子式定理),即所有图组成的集合对图子式关系
构成良半序,是图论中最深刻的结论之一.图子式定理也可以这样陈述: 每个图
子式封闭图族有有限个禁子式. 虽然我们知道每个图子式封闭图族可被禁子
式刻画,然而只有非常少的精确的刻画是已知的. 最著名的结论就是Wagner定
理: 一个图 G是可平面的当且仅当 G没有同构于 K5或 K3;3的图子式. 2016年
Chudnovsky等人引入了二部图的一个封闭运算—二部图子式,二部图任何一
个二部图子式也是一个二部图,并且给出了Wagner定理的二部图版本: 一个二
部图 G是可平面的当且仅当 G没有同构于K3;3的二部图子式.
第五章首先介绍欧拉图子式,欧拉图子式也是欧拉图的一个封闭运算,欧拉
图子式把一个欧拉图变成另一个欧拉图,并且以欧拉图禁子式的形式刻画欧拉
图和可平面欧拉图;其次给出胞腔嵌入图子式即带子图子式、抽象图子式和带
子图子式的区别以及带子图子式与部分对偶的关系,并且介绍Moffatt的用带子
图禁子式刻画表示链环的带子图的工作;最后介绍带子图的两种保持带子图的
偶面图或欧拉图性质的带子图子式运算,并且用偶面和欧拉带子图禁子式刻画
偶面和欧拉带子图以及偶面和欧拉平面带子图.
关键词：带子图;部分对偶;欧拉图;偶面图;二部图;平面图;图子式.
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Characterizations of Eulerian and Even-face
Ribbon Graphs and Their Partial Duals
ABSTRACT
A ribbon graph is a surface with boundary and a cellularly embedded graph can
be realized as a ribbon graph. The concept of partial dual generalizes the fundamental
concept of the geometric dual of a cellularly embedded graph. It was introduced
to unify various versions of Thistlethwaite theorems in knot theory that relate the
Jones polynomial of knots with a Tutte-like polynomial of graphs. Partial duality is
far-reaching extensions of geometric duality and has found a number of significant
applications in graph theory, topology, and physics.
In this dissertation, we focus on Eulerian and even-face characterizations of rib-
bon graphs and their partial duals. The dissertation consists of five chapters.
In Chapter 1，we summarize the background of the field, and state the main
results of the present thesis, and give the outline of this dissertation. In order to discuss
questions conveniently we also give some basic knowledge in this chapter.
Chapter 2 consists of the following: definition of ribbon graphs and its equiv-
alence of cellularly embedded graphs; advantages of ribbon graphs over cellularly
embedded graphs; definitions of some new concepts such as line-segments, vertex-
line-segments and edge-line-segments; importance of partial duals; definition of arrow
marked ribbon graphs and pictorial illustration of taking a partial dual.
It is well-known that a plane graph is Eulerian if and only if its geometric dual
is bipartite. In 2013 Huggett and Moffatt extended this result to partial duals of plane
graphs and then characterized all bipartite partial duals of a plane graph using all-
crossing directions of its medial graph. They left the characterization of all Eulerian
partial duals of a plane graph as an open problem. In Chapter 3 we solve this problem
by considering half-edge orientations of medial graphs and allowing some inconsistent
edges.
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In Chapter 4 we further study this problem and generalize the above well-known
theorem to embedded graphs and partial duals of cellularly embedded graphs, and
characterize all Eulerian and all even-face (i.e. a cellularly embedded graph with no
odd degree faces) partial duals of a cellularly embedded graph by means of half-edge
orientations of its medial graph.
One of the deepest results in graph theory, the Robertson-Seymour Theorem
(graph minor theory), is that graphs are well-quasi-ordered under the graph minor re-
lation. This theorem may be reformulated as stating that every minor-closed family of
graphs is characterized by a finite set of excluded minors. Although we know minor-
closed families can be characterized by excluded minors, very few explicit characteri-
zations are known. Perhaps the best-known is Wagner’s Theorem which characterizes
planar graphs as those with no K5 or K3;3 minors. In 2016 Chudnovsky et al. mod-
ified the classical minor operation to introduce a notion of bipartite minors, which is
a closed operation of bipartite graphs, and proved a bipartite analog of Wagner’s the-
orem: a bipartite graph is planar if and only if it does not contain K3;3 as a bipartite
minor.
In Chapter 5, motivated by the above paper, we introduce a special kind of mi-
nor operation called an Eulerian-minor such that it keeps Eulerian characteristics of
Eulerian graphs and characterize Eulerian graphs and planar Eulerian graphs in terms
of excluded Eulerian-minors. We also consider two special kind of minor operations
of ribbon graphs such that they keep Eulerian or even-face characteristics of ribbon
graphs, and then characterize Eulerian, even-face ribbon graphs and plane Eulerian,
plane bipartite ribbon graphs using excluded such minors.
Key Words: Ribbon graphs; Partial duals; Eulerian; Even-face graphs; Bipartite
graphs; Plane graphs; Minor.
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常用记号
G 图 (V;E)
V (G)或 V 图 G的顶点集
E(G)或 E 图 G的边集
v(G)或 n 图 G的阶
e(G)或m 图 G的边数
k(G) 图 G的分支数
G[V 0] V 0的导出子图
G[E 0] V 0的边导出子图
GjA 图 G限制在边子集 A上,等于 G[A]
NG(v)或 N(v) v在 G中的邻集
degG(v) v在 G中的度数
Kn n阶完全图
Kn;m 二部图划分阶数为 n;m的完全二部图
Cn n-圈
G1 = G2 图 G1与 G2同构
 曲面
S2 球面
T 2 环面
RP 2 实射影平面
1#2 1和 2的连通和
g() 曲面 的亏格
G1 = G2 胞腔嵌入图 G1与 G2等价
f(G) 胞腔嵌入图 G的面数
(G) 胞腔嵌入图 G欧拉特征
(G) 胞腔嵌入图 G欧拉亏格
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常用记号
Gm 胞腔嵌入图 G的中间图
G 胞腔嵌入图 G的几何对偶图
A A  E
A fe j e 2 Ag
Ac E n A
G~ 嵌入图 G的对偶图
GA 胞腔嵌入图 G对边子集 A求部分对偶
Ge Gfeg
G ]G 胞腔嵌入图 G和它的几何对偶 G的标准浸入
G=e 图 G收缩一条边 e
G 带子图
G 带子图G的几何对偶
p(G) 带子图G的边界分支数
GA 带子图G对边子集 A求部分对偶
Ge Gfeg
GjA 带子图G限制在边子集 A上
G~ A 带子图中属于 A边箭头标记
G~+A 带子图中恢复箭头标记 A的边
G=e 收缩带子图G的一条边 e
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